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1.8.1Eigenvalues & Eigenvectors

Characteristic Polynomials

Eigenvalues and eigenvectors are properties of square matrices and are usedin alot of real-life
applicationsincluding geometrical transformations and probability scenarios. In order to find these
eigenvalues and eigenvectors, the characteristic polynomial for a matrix must be found and solved.

What is a characteristic polynomial?

= Foramatrix A, if AX= AXwhen X is anon-zerovectorand A aconstant, then A is an eigenvalue of
the matrix A and Xisits corresponding eigenvector

: FAX=AXx> (/11— A)X= 0or (A - il)x= 0 and for X to be anon-zero vector,
det(AI- A)=0

= The characteristic polynomial of an 1 X 11 matrixis:

p(1) =det (AI- A)

= Inthis course you will only be expected to find the characteristic equation fora 2 X 2 matrix and this

will always be a quadratic
How do I find the characteristic polynomial?

= STEPI

Write AT — A, remembering that the identity matrix must be of the same orderas A
= STEP2

Find the determinantof AT — A using the formula given to youin the formula booklet

det A=|A|=ad-bc

= STEP3
Re-write as a polynomial

O Examiner Tip

= Youneedtoremember the characteristic equation asitis not givenin the formula booklet
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@ Worked example A/

Your notes
Find the characteristic polynomial of the following matrix

a=[*%)

\3 1)

o(A) = det (AT -A)

e o (R )
o (634 )
e )

Determinant of a 2x2 A:[“ : = detd=|A|=ad-bc
matrix c d

= (A-5)(a-) - (6)(-3)

= At=Sh-A+5 =12

p(N) = A -e)X -1
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Eigenvalues & Eigenvectors

How do you find the eigenvalues of a matrix?

= The eigenvalues of matrix A are found by solving the characteristic polynomial of the matrix
= Forthis course, as the characteristic polynomial will always be a quadratic, the polynomial will always
generate one of the following:
= tworeal and distinct eigenvalues,
= onerealrepeated eigenvalue or
= complexeigenvalues
How do you find the eigenvectors of a matrix?

= Avalue for X that satisfies the equationis an eigenvector of matrix A

= Anyscalar multiple of X will also satisfy the equation and therefore there aninfinite number of
eigenvectors that correspond to a particular eigenvalue
= STEP1

X
Writex=( 1

\Y)
= STEP2

Substitute the eigenvaluesinto the equation ()»I— A)X = (), and form two equationsinterms of X

andy
= STEP3

There will be an infinite number of solutions to the equations, so choose one by letting one of the
variables be equalto 1 and using that to find the other variable

O Examiner Tip

= Youcando aquick check onyour calculated eigenvalues as the values along the leading diagonal
of the matrix you are analysing should sum to the total of the eigenvalues for the matrix
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@ Worked example

Find the eigenvalues and associated eigenvectors for the following matrices.

2) 54
A= .
\3 1)
Solve the charackerisbic po\tjnc.miuh to find Hee Qlfnvaiuis
PUA) = A= BA =1 2 From workeh cxnmgle
abeve in Charackeristic

(A' 1)(}‘+ l) Pelynomials
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Use the eiqenvalues in te equabion (AI-A) x=0 + find ,
the eign vectors

el & R (3
GGG
Ckle

1x-4y=0
'!x+55=0

Your notes

b 2y9==

The ea'athved‘nr associated with A=7 is ony

multiple of (z:.)

j

[=]

Bedebe (00 BB ) (o)
CoeaEre
G9G)-6)

“3x-2y=0

The ea'a..nved'or associated wibh A=-1 is any

mulbiple of (-13)
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Fird the clharacteristic polﬁr\(w\]ql ,

p(A) = det (J.-L s ) Your notes
=l A-3

(x-1)(x-3) - (5)(-2)

= A*-3X-A+3+10

p(a\)= AL -4) £ 13

Solve the charackeristic pohjnm-\?ql b find te Qigpavaluts
I:B hond or usng the GDC

p(A) = A*-4A+13 =0

(A-2)'-4+13=0

(r-2=-1
A=2:09
A=2131
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the eign vectors

waeres o oy ) () () o)
En) GEC)
(2.2)6) @)

(I*S»]:. f55= 0 . :
He o CraByrld b2x= (1e3i)y

Both equations can be
seplifieds to the some thng

The g.‘atn\r:d‘or associated wibh A=2 +3L is any

mulbiple of (—* i 3'»)

BN @ A ) R
(CF S G
EXA R

(1-3)x +Sy =0 - .
R T o}z (-1-3i)y

Eoth qmﬁc‘ns coun be
smplified to the some thng

The e:‘amvu.l'w associated wibth A= l-'Si. is any
mulbiple of (“'5)
z
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1.8.2 Applications of Matrices /

Your notes
Diagonalisation
What is matrix diagonalisation?

= Anon-zero, square matrixis considered to be diagonal if all elements not alongits leading diagonal
are zero
= Amatrix P canbe said to diagonalise matrix M, if Disa diagonal matrix where D=P'MP

If matrix Mhas eigenvalues ll , 2“2 and eigenvectors X

X Xzand is diagonisable by P, then

« P= (X1 X2) ,Where the first columnis the eigenvector X1 and the second columnis the

eigenvec:torX2
A0
_ 1
0 A
\2)
= Youwillonly needto be able to diagonalise2 X 2 matrices
You will only need to consider matrices with real, distinct eigenvalues
= [fthereis only one eigenvalue, the matrixis either already diagonalised or cannot be diagonalised

= Diagonalisation of matrices with complex orimaginary eigenvalues is outside the scope of the
course

D

O Examiner Tip

= Rememberto use the formula booklet for the determinant and inverse of a matrix
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@ Worked example

54 2

The matrix M= 31 has the eigenvalues ll =7 and 12 = — 1 with eigenvectors X1 = 1

2
and X, = ( Wrespectively.
2 \73)

Show that P, = ()!r1 X2) and P = (xle) both diagonalise M.

Show thoat P mP produces a diagomal rmotnx

G B o A G
e e (G000 )
“FG e

: a b i 1 d b
Inverse of a 2x2 matrix A= = A = L, ad # be
= a

D= :D-'agnnqi walbnx aﬁ

D = (7 0) ‘j eiam\valuﬂ.i

e, - (:. 2) - f'= L(l -2_)
=2 2 \3 2

S e T T i-l)
g MY 2

D= I)iasnmi walnx OF
D= (_l 0) ‘j E.-ljenvnlul.s
I |
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Matrix Powers /

One of the main applications of diagonalising a matrix is to make it easy to find powers of the matrix, which Your notes
is useful when modelling transient situations such as the movement of populations between two towns.

How can the diagonalised matrix be used to find higher powers of the original matrix?

] Theequationtoﬁndthediagonalisedmatrixcanbere—arrangedforM:
D=P 'MP= M= PDP"!
= Finding higher powers of a matrixwhenit is diagonalised is straight forward:
( a Y] ( a" 0 \
\0 b \ 0 b")

= Therefore, we can easily find higher powers of the matrix using the power formula for a matrix foundin
the formula booklet:

Mr=PDn P!

O ExaminerTip

= |fyou are asked to show this by hand, don’t forget to use your GDC to check your answer
afterwards!
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3 -2
The matrix M= has the eigenvalues /11 = —1]and )“2 = 5 with eigenvectors

-4 1

X1 = (; )and X2 = ( _11 )respectively.

a) Show that M™ canbe expressed as
L (=(=1Dm=2(5)") (=(=1)"+(5)")

M= =3 (ca= e 2(5)m) (=2(= 1) (5)m)

Find D, Pand P*
- (-t 0) P= (| 1) » p'= -l_(—l -1)
0 S 2= 311

WUse the mabex power Fp(u-\qia F""""“ the ]CEI'W—L,\‘Q booklek

P is the matrix of eigenvectors and D
is the diagonal matrix of eigenvalues

Power formula for )
a matrix M =FD'F

s (5206 DC

When mulbipbying these

e et i o afal}

” ‘,,‘5—-2:5"—-2(5") n.

=_|_(i | (—I. O)(—i -|) weT - 10
3\2 -1/\o s"/\-2 1

L\[-€) €

(; -|)(-2(5§“ (sg“)
o _L(({—i)"- 2(s)")  (-()"+ (5)"))
3\ +205))  (-2(-1)-(5)")

b) Hence find M'5
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Subsbtute wn=5 ,

m*= - L((-(—l)’ =2 (51) (=000 (5)5)) Yournotes
INC2¢-0*+ 2(5)°) GaG-0r-(5))

=-l_(-6?_tﬁ 3|ze)
3 \c2s2 -3123

m5=( 2083 —|o:+z)
-2084 104 |
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